We present a special solutions of the discrete Painlevé equations associated with A 0 -surface discrete Painlevé equation is the most generic difference equation, as all discrete Painlevé equations can be obtained by its degeneration limit. These special solutions exist when the parameters of the discrete Painlevé equation satisfy a particular constraint. We consider that these special functions belong to the hypergeometric family although they seems to go beyond the known discrete and q-discrete hypergeometric functions. We also discuss the degeneration scheme of these solutions.
(1) * 0 and A (1) * * 0 -surface. These solutions can be expressed by solutions of linear difference equations. Here the A (1) 0 -surface discrete Painlevé equation is the most generic difference equation, as all discrete Painlevé equations can be obtained by its degeneration limit. These special solutions exist when the parameters of the discrete Painlevé equation satisfy a particular constraint. We consider that these special functions belong to the hypergeometric family although they seems to go beyond the known discrete and q-discrete hypergeometric functions. We also discuss the degeneration scheme of these solutions.
Introduction
One of the authors presented the list of all difference Painlevé equations from the view point of algebraic geometry. For a rational surface, we can obtain a birational representation of certain affine Weyl group as its symmetry. We regard a translation part of the symmetry as a difference system. Discrete Painlevé equations were classified on the basis of the types of rational surfaces, and some new equations were discovered by this classification ( [12] ).
Let X be a smooth projective surface. We denote by K X the canonical divisor class on X, and by |−K X | the set of all positive divisors on X such that is linearly equivalent to −K X . We call an element of |−K X | an anti-canonical divisor. Generalized Halphen surfaces are smooth projective rational surfaces with an anti-canonical divisor of canonical type. If |−K X | has a unique divisor D, then X is classified according to the type R of D, where R is in the Table 2 . The list of R can be obtained from the list of sublattice of Q(E (1) 8 ) which are indecomposable and of affine type. We call a surface X an R-surface. 
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In this paper, we consider the case that the root lattice Q(R) = Zδ (δ: null root) especially. It is the case that D itself is irreducible. Usually this lattice is not a root lattice, but we assign the symbol A (1) 0 to the type of the lattice. The divisor D has the three types; a smooth curve, a curve with a double point, a curve with a cusp. We assign the symbols A to each types respectively. This A (1) 0 is the most generic case in this list. These three types of surfaces have Weyl group symmetry of type E (1) 8 . The types of surfaces are divided into three classes naturally. We call them the elliptic type, the multiplicative type and the additive type respectively. This classification corresponds to the types of discrete equation: what we call elliptic-difference equation, q-difference equation and usual difference equation. See [12] in detail.
In this list, D
l , E
l -surface can be constructed a space of initial conditions for Painlevé differential equations.
Each discrete Painlevé equations are usually named by the form of discrete equation and the differential equation obtained at the limit, for example q-P IV , d-P I . But, in the view of the list, we cannot name all equations in this way. A. Ramani et al. named these equations from the symmetry that the equation has ( [11] ). But there is a case that different equations have same symmetry. And it is not trivial whether discrete system with a given symmetry 
3 -surface has Weyl group symmetry of type D
5 but there is no surface with Weyl group symmetry of type D (1) 6 . So in this paper, we distinguish each discrete Painlevé equations by the rational surface on which the equation is defined, and call, for example, the A We know many results about special solutions with respect to Painlevé differential equations whose parameters satisfy particular conditions ( [7] , etc.). These solutions are divided into algebraic solutions and what we call Riccati solutions. Riccati solutions are expressed by solutions of linear equations of the second order. For example, the sixth Painlevé equation P V I has special solutions expressed in terms of the Gauss hypergeometric functions. The discrete Painlevé equations also possess Riccati solutions for particular values of the parameter. For example, the A (1) 3 -surface discrete Painlevé equation (q-P V I ) has solutions expressed by the q-hypergeometric functions.
In [11] , A. Ramani, B. Grammaticos, T. Tamizhmani and K. M. Tamizhmani presented special solutions of the A . In this paper, we obtain special solutions for these discrete Painlevé equations. We also discuss the degeneration scheme of these equations.
The paper is organized as follows: In Sect. 2, we show a geometrical construction of the A
0 -surface discrete Painlevé equation and a Riccati solution of this equation in Theorem 2.
In Sect. 3, we obtain the A In Sect. 4, we obtain the A (1) * * 0 -surface discrete Painlevé equation in geometric approach, and a special solution of this equation in a similar way. And we show a degeneration scheme of these equations in Theorem 8.
In Sect. 5, we show as Theorem 9 a degeneration scheme between a special solution of the A )). This system is equivalent to ell.P derived in [12] . In this paper, all 2 × 2 matrices represent PGL(2)-action on P 1 , i.e.,
0 -surface discrete Painlevé equation are the following difference system for unknown functions f (t), g(t):
2) 
We derive this discrete equation as a translation of W (E
8 ) again. We construct A (1) 0 -surface by blowing up P 1 × P 1 at eight points p i (i = 1, . . . , 8). For generic eight points there is an elliptic curve which passes through these eight points. We parameterize these eight points and the curve as follows:
Remark 2.1. We can parameterize an isomorphism class of surfaces by using the period mapping. The period mapping maps the elements of the second homology to C.
Let ω be a meromorphic 2-form on X with div(ω) = −D. Then ω determines the period mappingχ :
Now, there exists the short exact sequence:
where
Zα i is the root lattice of type E
8 . So we obtain the mapping
through the period mappingχ. In the case, the parameterization is the following.
Here Q(E
. And α i 's are represented by the elements of the Picard group as follows:
,
We denote the total transform of f = constant, (or g = constant) on X by H 0 (or H 1 respectively) and the total transform of the point p i by E i . The Picard group Pic(X) and the canonical divisor K X are
where the intersection numbers of pairs of base elements are
Generators of affine Weyl group W (E
8 ) = w i (i = 0, 1, . . . , 8) act on these coordinates and parameters. We give a representation of these actions in order to construct dP (A
0 ).
,g ,
whereg is given bỹ
Notice that we can rewrite the action of w 2 into the following form:
where we use the notation
By taking a translation of W (E
8 ), we obtain a nonlinear difference equation. The translation can be described by a product of simple reflections w i 's.
(2.8)
where mappings of f, g are defined by (2.1), (2.2).
Remark 2.2. In [12] , we obtain A (1) 0 -surface by blowing up P 2 with the centers at nine points.
Both parameters and coordinates correspond as follows: (2.12)
)y + 4℘(
We note that the next formula holds for any θ, ϕ.
This formula is a kind of additive formula of ℘-function.
Note that points on the elliptic curve (2.4) move to points on this elliptic curve.
0 ) has the following trivial solution:
where q is a constant determined by initial condition.
Proof. We suppose that the solution's form is
We input them into (2.1), (2.2). We note that the following identity holds for arbitrary c,
because both sides equal to
Since (2.17) is equivalent to
we obtain
The compatibility condition of them leads one difference equation,
Linear equation
We derive the following theorem in this section.
Theorem 2. A solution of the following system of equations is written by a solution of linear equation;
Transforming these equations, (2.25)
Eliminating f , we can obtain a difference equation of the first order with respect to the variable g. When g is expressed by homogeneous coordinate (g =
Now we demonstrate Theorem 2. On the condition b 1 + b 3 + b 5 + b 7 = 0, we consider the curve I = 0, where (2.27) 
The curve I = 0 has the divisor class C = H 0 + H 1 − E 1 − E 3 − E 5 − E 7 , and the selfintersection number of C is −2. In this case, we can restrict affine Weyl group action on the curve I = 0, which is isomorphic to P 1 , and the translation is automorphism on P 1 namely homographic transformation.
Calculating w 2 acting I, we setĨ as follows:
. Theñ
(2.30) Therefore I = 0 =⇒Ĩ = 0. Similarly we consider the curve I = 0, (2.31)
Then I = 0 =⇒ I = 0 holds, and we consider the curveĪ = 0,
Then I = 0 =⇒Ī = 0. This means that f, g which satisfy I = 0 are a special solution on the condition b 1 + b 3 + b 5 + b 7 = 0.
Multiplicative type
We can obtain A 
Discrete Painlevé equation
We discuss about the following theorem in this section. The equations obtained by the degeneration in the theorem coincide with the equations in [8] .
Put g 2 = 4 3
(1 + 3ε 2 ), g 3 = − 8 27
0 -surface discrete Painlevé equation (2.1), (2.2) and let ε tend to 0. Then we obtain the A 
, e 2b i = β i yields the expression in the following theorem. In the expression we replace again t 1 by t and λ 1 , f 1 , g 1 , β i by λ, f , g, b i , respectively. For the sake of simplification of notation, the replacement process will be written as follows:
These are summarized as follows:
Theorem 3. Make the substitution: g 2 = 4 3
0 ) (2.1), (2.2) . Take the limit ε → 0. Moreover by the change of variables and parameters:
The above theorem shows that we can obtain dP (A (1) * 0 ) from dP (A (1) 0 ). But, for readers' convenience, we describe geometrical construction of this discrete equation similar to the previous section.
We construct A
(1) * 0 -surface by blowing up P 1 × P 1 at eight points. These eight points and a curve which these points lie on are as follows: 0, 1, . . . , 8 ) act on these coordinates and parameters. We give a representation of these actions in order to construct dP (A (1) * 0 ).
Notice that we can rewrite the action of w 2 for c i = b i t into the following form:
Here we put Γ andΓ as
then the relation between Γ andΓ can be simply represented as
So this transformation can be represented by PGL(2)-action:
8 ), we obtain a nonlinear difference equation. The translation can be described by a product of simple reflections w i 's. This representation is same as the case of dP (A (1) 0 ), that is (2.8). Now we calculateḡ from g and f . Putting Γ,Γ,
ḡ can be described as follows:
(3.8)
Here N and D are as follows:
where m i is the i-th elementary symmetric function of b j 's. This equation can be modified
This equation is (3.1).
Similarly putting Φ,Φ,
f can be described as follows:
(3.11)
Here ∇ and ∆ are as follows:
This equation can be modified
This is (3.2).
Remark 3.1. In [12] , we obtain A
(1) * 0 -surface by blowing up P 2 with the centers at nine points.
Both parameters and coordinates correspond as follows: 
where q is determined by initial condition.
Linear equation
We present a special solution of dP (A (1 + 3ε 2 ), g 3 = − 8 27 (2.24) , and the change of variables and parameters:
, e 2b i → b i , we obtain the system of equations:
A solution of this system is a special solution of dP (A Transforming these equations,
Eliminating f , we obtain a difference equation of the first order with respect to the variable g.
Additive type
Discrete Painlevé equation
We discuss about the following theorem in this section.
Theorem 6 (ORG [8] ). By the limiting process: The above theorem shows that we can obtain dP (A (1) * * 0 ) from dP (A (1) * 0 ). But we describe geometrical construction of this discrete equation similar to the previous section.
(1) * * 0 -surface by blowing up P 1 × P 1 at eight points. These eight points and a curve which these points lie on are as follows:
8 ) = w i (i = 0, 1, . . . , 8) act on these coordinates and parameters. We give a representation of these actions in order to construct dP (A (1) * * 0 ).
whereg is given byg
f can be described as follows.
, and Σ i is the i-th elementary symmetric function of d j 's. This equation can be modified
This is (4.2).
Remark 4.1. In [12] , we obtain A where q is determined by initial condition.
Linear equation
We present a special solution of dP (A 
A solution of this system is a special solution of dP (A We can easily check that the equations (4.14),(4.15) define a special solution of dP (A 
5 Riccati solution of dP (A
)
We can obtain A
1 -surface from A 
